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Abstract 

A mapping technique is used to derive in the context of constituent quark 
models effective Hamiltonians that involve explicit hadron degrees of freedom. 
The technique is based on the ideas of mapping between physical and ideal 
Fock spaces and shares similarities with the quasiparticle method of Wein- 
berg. Starting with the Fock-space representation of single-hadron states, 
a change of representation is implemented by a unitary transformation such 
that composites are redescribed by elementary Bose and Fermi field operators 
in an extended Fock space. When the unitary transformation is applied to 
the microscopic quark Hamiltonian, effective, hermitian Hamiltonians with a 
clear physical interpretation are obtained. Applications and comparisons with 
other composite-particle formalisms of the recent literature are made using 
the nonrelativistic quark model. 
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I. INTRODUCTION 



A great variety of mapping techniques are presented in the literature. In nuclear physics 
they are used to treat collective oscillations of nuclei. Although available since a long time, 
there have been attempts only very recently to extend these techniques to hadronic physics, 
in particular, to constituent quark models. The pioneering work originates from Zhu et al. 
and Pittel et al. 0. Zhu et al. use the Composite Particle Representation (CPR) developed 
by Wu, Feng and collaborators |3| in the context of nuclear physics, for studying the baryon 
spectrum in the nonrelativistic quark model. Pittel et al. used the Dyson mapping ||] to 
obtain an effective hadron-hadron interaction from a schematic quark model. A continued 
effort following this is contained in Refs. Related work is contained in Refs. P~H- 

This paper considers an approach that was originally developed in the context of atomic 
physics. It was invented independently by Girardeau |15| and Vorob'ev and Khomkin [16 



The method has been continuously improved throughout the last two decades, and has 
been used by Girardeau and others in several areas of atomic physics Hl7,18|. Although the 



method shares several properties with the traditional mappings used in nuclear physics [|T9 
it presents particularities that make it suitable for hadronic problems as we shall discuss 
shortly ahead. It is based on the ideas of mapping between physical and ideal Fock spaces, 
and has some similarities with the method of Bohm and Pines |20| to treat collective motions 
in plasmas. It is a generalization of a transformation employed by S. Tani |2TJ in 1960 to 
study single-particle scattering by a potential with a bound state. Girardeau coined the 
name "Fock- Tani" representation for this method. 

In the Fock- Tani representation one starts with the Fock representation of the system us- 
ing field operators of elementary constituents which satisfy canonical (anti) commutation re- 
lations. Composite-particle field operators are linear combinations of the elementary-particle 
operators and do not generally satisfy canonical (anti)commutation relations. "Ideal" field 
operators acting on an enlarged Fock space are then introduced in close correspondence 
with the composite ones. The enlarged Fock space is a graded direct product of the original 
Fock space and an "ideal state space". The ideal operators correspond to particles with 
the same quantum numbers of the composites; however, they satisfy by definition canon- 
ical (anti) commutation relations. Next, a given unitary transformation, which transforms 



the single composite states into single ideal states, is introduced. When the transforma- 
tion acts on operators in the subspace of the enlarged Fock space which contains no ideal 
particles, the transformed operators explicitly express the interactions of composites and 
constituents. Application of the unitary operator on the microscopic Hamiltonian, or on 
other hermitian operators expressed in terms of the elementary constituent field operators 
such as electroweak currents, gives equivalent operators which contain the ideal field op- 
erators. The effective Hamiltonians and currents in the new representation are hermitian 
and have a clear physical interpretation in terms of the processes they describe. Since all 
field operators in the new representation satisfy canonical (anti) commutation relations, the 
standard methods of quantum field theory can then be readily applied. 

Several characteristics of the Fock-Tani representation make it suitable to the nature 
of the hadronic problem. It seems to be particularly relevant for the building of effective 
hadronic Hamiltonians in the context of effective field theories [p^j , as it implements in 
a certain sense the "quasiparticle" method of Weinberg | ]23|| . In Weinberg's quasiparticle 
approach the bound states are redescribed by elementary particles and, in order not to 
change the physics of the problem, the potential is modified in such a way that it cannot 
produce these bound states any longer. In the Fock-Tani representation, as a result of the 
transformation of the quark Hamiltonian, the quark-quark interactions become "weaker" , 
in the sense that they describe only quark-quark scattering processes and cannot produce 
the hadrons as bound states. The interesting feature of the Fock-Tani representation is 
that the change of the potential is the result of the unitary transformation that implements 
the mapping of composite hadrons into elementary hadrons, while in Weinberg's approach 
there is some freedom in how the potential is modified. Other appealing features of the 
Fock-Tani representation are: (a) it can be naturally extended to composites with any 
number of constituents, not only pairs or triplets of fermions, (b) systems of composite 
bosons and fermions, i.e. systems containing simultaneously mesons and baryons, can be 
naturally treated in a unified manner, and (c) it can be used with models where creation 
and annihilation of particles play an important role. 

In the following section we review the basic ideas of the Fock-Tani representation. We 
introduce the unitary transformation for meson states of a quark- ant iquark pair and derive 
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the structure of the quark and antiquark operators in the new representation. Subsec- 
tion [11 A] contains the necessary extensions to the hadronic case of the original develop- 



ments of Refs. fll7,|24|) and incorporates the improvements and new aspects developed in 



Refs. . In subsection [II B| we introduce a model microscopic quark Hamiltonian, im- 



plement its Fock-Tani transformation, and discuss the physical interpretation of the different 
terms of the transformed Hamiltonian. In subsection [II Q , a commonly used quark Hamil- 
tonian is then employed to compare the predictions of the Fock-Tani representation with 
other formalisms; in particular we compare results with Refs. P7| , |25| , and discuss the im- 



plications of the post-prior symmetry [29[] to an application of charmonium dissociation in 



matter |30| . In section [TT1] we construct the Fock-Tani transformation for the three-quark 



baryon systems; some results hereof were published previously in the form of a letter [|3T] 



We perform the Fock-Tani transformation on the quark operators in subsection [HI A| . The 



Hamiltonian that describes explicitly the baryon degrees of freedom in the new representa- 
tion is obtained in subsection [111 H . In subsection [111 C| we present an example of an effective 



nucleon-nucleon potential as derived from a microscopic spin-spin interaction and compare 



it to the one obtained by Barnes and collaborators []32[ in the context of the Quark-Born 
diagram (QBD) method. Section [TV] contains a technical discussion about orthogonality 
corrections for the effective meson-meson and baryon-baryon Hamiltonian, and presents nu- 
merical calculations of their impact on the effective interactions. In section |V| we discuss the 
extension of the Fock-Tani representation to hadron Fock-space states that are more general 
than the quark-antiquark and the three quark states considered in previous sections. Such 
an extension is necessary for treating systems where creation and annihilation of particles 
plays an important role. Our conclusions and future perspectives are presented in section [VI|. 

II. MAPPING OF MESONS 

This section reviews the formal aspects of the mapping procedure and implements it to 
quark-antiquark meson states. We start with the original formulation of Girardeau |T5|jr7[| 
and include new developments and improvements that have occurred since his original work. 



In section III we implement the method for three-quark baryonic states. The more compli- 



cated Fock-space states are discussed in Section |V|. 



The starting point of the Fock-Tani method is the definition of single composite bound 
states. We write a single-meson state in terms of a meson creation operator M\ as 

\a>=Ml\0>, (1) 

where the meson creation operator is written in terms of constituent quark and antiquark 
creation operators and q\ 

Ml = K u <iUl (2) 

Here, <L>^ is the Fock-space amplitude of the meson, and |0> is the vacuum state, g M |0>= 
q u \0>= 0. The index a identifies the quantum numbers of the meson, a = {spatial, spin, 
isospin}. The indices /i and v denote the spatial, spin, flavor, and color quantum numbers 
of the constituent quarks. A summation over repeated indices is implied. It is convenient 
to work with orthonormalized amplitudes, 

<a\P>= $r<t>r = V (3) 

In Section LIB, a specific example of a quark model is discussed, and the short-hand notation 



for the labels of the states and operators will be spelled out in detail. 

The quark and antiquark operators satisfy canonical anticommutation relations, 

{q^ ql} = {%, ot] = <W {<?m> Qu} = {%, qv] = q v } = ql} = o. (4) 

Using these quark anticommutation relations, and the normalization condition of Eq. ([$]), 
it is easily shown that the meson operators satisfy the following noncanonical commutation 
relations 

[M a , Mp] = 5 aP - A a/3 , [M a , M p \ = 0, (5) 

where 

A aP = $r *f 3& + *T#p<lW- (6) 

In addition, 

[q„ Ml] = S^^qt, [q„, M+] = -<W$f V, M a ] = [q„, M a ) = 0. (7) 



The presence of the operator A a ^ in Eq. fl5|) is due to the composite nature of the mesons. 
This term enormously complicates the mathematical description of processes that involve 
the hadron and quark degrees of freedom. The usual field theoretic techniques used in 
many-body problems, such as the Green's functions method, Wick's theorem, etc, apply 
to creation and annihilation operators that satisfy canonical relations. Similarly, the non- 
vanishing of the commutators [q^, MJ] and [q u , is a manifestation of the lack of kinematic 
independence of the meson operator from the quark and antiquark operators. Therefore, the 
meson operators M a and are not convenient dynamical variables to be used. Of course, 
the problem can be formulated in terms of the canonical constituent field operators only. 
But then there would be other difficulties, such as singularities in certain Green's functions 
due to the presence of bound states. 

The bound state amplitude $£f is obtained from the microscopic quark-antiquark Hamil- 
tonian. However, in implementing the Fock-Tani transformation, the explicit form of the 
microscopic Hamiltonian is not required; the method only requires knowledge of the form of 
the bound states in terms of the constituent operators. Therefore, the following discussion 
is completely general and does not depend on the details of the microscopic quark-antiquark 
interactions of the model. Once the transformation properties of the quark operators are 
obtained, the application of the transformation on a given microscopic model Hamiltonian 
gives rise to effective Hamiltonians that describe all possible processes involving quarks and 
hadrons. 

The idea of the Fock-Tani method is to change representation, such that the field op- 
erators of composite particles are redescribed by field operators which satisfy canonical 
(anti) commutation relations. The complications of the composite nature of the hadrons will 
be shifted to the effective Hamiltonians. The main features of the Fock-Tani transformation 
are: 

1. The transformation is performed by a unitary operator U, such that 

\q> — > \n) = u~ 1 \n>, o — >o FT = u- 1 ou. (8) 

\Q > is an arbitrary state vector and O an arbitrary operator, both are expressed in 
terms of the constituent quark and antiquark operators q, q\ q, q^ of the original Fock 
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representation. \Q) and Oft are the corresponding quantities in the new representa- 
tion. Since U is unitary, scalar products and matrix elements are preserved under the 
change of representation 

<n\n>=(n\n), <n\o\n>= (o|o FT [o). (9) 

Note that in the new representation, states are represented by rounded, instead of 
angular, bras and kets. 

2. The transformation is defined such that a single-meson state \oc> is redescribed by an 
("ideal") elementary-meson state by 

\a> — >U~ l \a>= \ot) = ml\0), (10) 

where m' a an ideal meson creation operator. The ideal meson operators m) a and m a 
satisfy, by definition, canonical commutation relations 

[m a ,ml] = 5 a /3, [m a ,mp}=0. (11) 

The state |0) is the vacuum of both q and m degrees of freedom in the new represen- 
tation. A precise definition of |0) is given later in the text. In addition, in the new 
representation the quark and antiquark operators q\ q, q^ and q are kinematically 
independent of the m) a and m a 

[g M , m a ] = ml) = m a ) = m+] = 0. (12) 

3. A multi-meson state |ai, •••,a n >, constructed from mutually non-overlapping and 
well-separated wave packets, is transformed into a mult i- ideal-meson state |«i, • • • , a n ) 

|ai,-- -,a n >^ U^lc*!,- ■■,a n > = • • • ,a n ) = w) ai ■ ■ -m^|0). (13) 

This is particularly important for meson-meson scattering processes, where asymptotic 
states are non-overlapping. However, Eq. (|T^) is not true in the general case of multi- 
meson states describing a dense system of mesons, where one expects considerable 
overlap among the mesons. 
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4. Given a microscopic quark-antiquark Hamiltonian operator, the Fock-Tani trans- 
formed Hamiltonian can generally be written as 

H — > i^FT — U- 1 HU = + V F t- (14) 

Hp^ is the "non-interacting" part; it contains the single-quark part of the original 
Hamiltonian, and a single-meson part which describes the free propagation of the 
composite mesons. VpT is the interacting part, responsible for all possible interactions 
among the composites and the quarks. It describes only the "true" interaction pro- 
cesses, the binding effects of the quarks and antiquarks into mesons are contained in 

rr(0) 

_n FT . 

The unitary operator U that implements the transformation, Eq. (|T0D, is constructed as 
follows: let the physical Fock space be denoted by T . This is the space of states generated 
by all linear combinations of states constructed from the quark and antiquark operators 
and q', 

ql 1 ---qt l ql 1 ---qtJo>, (is) 

with / and m arbitrary. The quark and antiquark operators satisfy canonical anticommuta- 
tion relations, Eq. (f|), and |0> is the vacuum state defined as above. 

Now, an independent Hilbert space H, the "ideal hadron space" is defined, as the space 
of all linear combinations of states constructed from the ideal meson operators m\ 

™lr--<J°)^ ( 16 ) 

where \0)-n is the vacuum of TC, that is, m^lO^ = 0. 

Next, the "ideal state space" I is defined as the graded direct product of the Fock 
space T and the ideal hadron space 7i\ I = T x 7i. By definition, the quark and ideal 
meson operators are kinematically independent and therefore satisfy Eq. ([12]) on X. The 
commutation relations given in Eqs. ([|) and (|5D, initially defined on J 7 , as well as those in 
Eq. (|ITD, initially defined on 7i, are also valid for I. 

The vacuum state of space X is the direct product of the vacua of T and 7i. To simplify 
the notation, the symbol |0) is used to denote the product |0) = |0 > x|0)-^. Therefore, 
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|0) is the vacuum of both the quark and ideal hadron degrees of freedom, q^O) = <? M |0) = 
m a\fy — 0. The quark operators act on |0>, and the ideal operators on (O)^. 

The objective is to establish an one-to-one correspondence between the composite states 
in T and the ideal states of a subspace of X. To that extent, we note that in X there is a 
subspace which is isomorphic to the original Fock space J 7 , namely, the space Xq consisting 
of those states |fl> with no ideal mesons, 

m a \Q>=0. (17) 

This indicates that in X the ideal mesons are "redundant modes" , in the language of the 
Bohm and Pines method f2(| . As we shall discuss shortly, Eq. (|T7|) is a constraint condition 



to ensure that there will be no double counting of degrees of freedom. This condition plays 
a role similar to the "negative particles" in the CPR of Ref. 0. In the original formulation 



of the method |TJj [17], the change of representation is performed by the operator 



7T 



f/ = exp(--F), (18) 

where the generator of the transformation F is given by 

F = mlM a - Mlm a , (19) 

with given by Eq. (0). As before, a summation over repeated indices is implied. We 
note that U acts on X and cannot be defined on T . However, it is defined on Xq, which is 
isomorphic to T. The image Tyt = U~ 1 Iq of Xo is the subspace of X which consists of all 
states \ fl) in the new representation, related to the states \Q> of X by 

\n) = u- 1 \n>. (20) 

In the subspace JF FT , Eq. flT?j ) is transformed to 

U~ l m a U\0} = 0. (21) 

Therefore, any calculation in the original Fock space is equivalent to a calculation in the 
Fock-Tani space ^-"ft when Eq. ( ]2"T| ) is satisfied . It is not difficult to prove that the 



transformation implemented by such an operator U does indeed have the characteristics 1) 
to 4) as discussed above. 
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The great advantage of working in JF FT is that all creation and annihilation operators 
satisfy canonical commutation relations. The transformed operators Oft — U^OU give 
rise, in general, to an infinite series. This series physically represents an expansion in the 
"degree of overlap" of the composites in the system. For the derivation of an effective two- 
meson interaction, only a few terms in the series are necessary. A potential complication is 
the constraint equation, Eq. (|2~T|) , called the "subsidiary condition". For scattering problems, 
where one starts with the proper definition of the asymptotic states, Eq. ( |2TD is trivially 
satisfied. It is also satisfied in the particularly important case of the many ideal mesons 
state m^-.-mtJO) @. 

In the next subsection we present the derivation of the transformed quark operators. 



A. Transformation of the quark operators 

The next step is to obtain the transformed operators in the new representation. The 
basic operators of the model, such as the Hamiltonian, electromagnetic currents, etc, are 
expressed in terms of the quark operators. Therefore, in order to obtain the basic operators 
of the model in the new representation, the transformed quark operators are needed 

g FT = U- 1 q U, q FT = U- 1 q U. (22) 

The evaluation of such expressions by direct multi-commutators is tremendously difficult, 
it involves the summation of infinite series and cannot in general be expressed in a closed 
form. However, Girardeau |T7[ suggests the use of an "equations of motion" technique, 



which consists of the following. For any operator O, a "time-dependent" operator is defined 
as 

0(t) = exp (-tF) O exp (tF), (23) 

where t is a real "time" parameter. Differentiating the above equation with respect to t, an 
equation of motion for 0{t) is obtained, 

dO(t) 
dt 

with the "initial condition" 



[0(t),F], (24) 
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0(0) = 0. (25) 



Therefore, the transformed operators are obtained from the solution of Eqs. ( PH ) and 
by setting t = — tt/2 at the end 

O ft = U- l OU = C(-tt/2). (26) 

The equations of motion for the quark operators q and q can be obtained by making use 
of Eq. (0) , which leads to 

^ = [q»(t),F] = -5 mi ^qt(t)rn a (t), (27) 
^ = [q v (t),F] = 6 UUl $rqi(t)m a (t). (28) 

Since these equations involve m a (t), the equation of motion for m a (t) is also needed 

d ^^ = [m a (t) 1 F] = M a (t). (29) 

The system of equations is closed with 

= [O a (t),F] = - [8 aP - A a0 (t)} m p {t). (30) 

Eqs. (|27|)-(|3~0"|) (together with their hermitian conjugates) form a set of nonlinear ordinary 
differential equations. Obviously this set of equations is as complicated to solve as the 
evaluation of the multicommutators discussed above. However, these equations can be solved 
in a straightforward way by iteration. Starting from a "zero-order" approximation, where 
the overlap among the mesons is neglected, terms of the same "power" in the bound state 
amplitudes <3> Q and $* are collected. For each operator the expansions are then written, 

oo oo oo oo 

%{t) = E^), m = E^(*)> rn a (t) = $><?(*), M a (t) = J2M®(t), (31) 

i=l i=l i=l i=l 

where the superscript i denotes the i-th power of <3>„ and $* in the series. In order to have a 
consistent power counting, the implicit $ Q and $* entering via Eq. (0) are not counted [17 . 



In order to derive an effective meson-meson interaction, the expansion up to the third order 
in the wave functions [0 is needed. Therefore, we will explicitly derive the transformed 



operators up to the third order. 
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In the zeroth-order approximation, the effects of the meson structure are neglected. This 
amounts to neglect the terms A a p and of Eqs. ( |2"TD , (^Sj) and 



^ = , ^ = , «)=- m <»>( t ), *fS> =*?>(«). (32) 
Using the initial condition, Eq. (|25|), the zero-order solutions are found to be: 

m W (t) = mQ C os t + M a sin t, M ( a 0) (t) = M a cos t - m a sin t. (33) 

At this zeroth-order approximation, the transformed mesons behave like elementary bosons, 
and the transformation of M a to m a has the interpretation of a rotation of — 7r/2 in the 
space I. 

The first-order equations are given by 



(34) 



Since the initial conditions were assigned to the zero-order terms, one obtains 

q f{t = 0) = g<*)(t = 0) = m®(t = 0) = M«(t = 0) = 0, for % > 1. (35) 

Therefore, the solutions to the first-order equations can be written as 

Q?{t) = - S^X^qt, K sint + M a (1 - cost)] , (36) 
$\t) = + S^^ql [m Q sint + M Q (1 - cost)] , (37) 
™i 1} W = 0, Mi 1 \t) = 0. (38) 

The iterative procedure can be continued to higher orders in a straightforward way. 
However, the solutions of second and higher orders will give rise to secular terms; i.e. terms 
which involve polynomials in t, in addition to trigonometric functions in t. Among other 
problems, the secular terms introduce the familiar post-prior discrepancies in the analysis 
of scattering and reactive processes. The origin of the secular terms is the asymmetry of 
the equations of motion for m a (t) and M a (t), Eqs. (EUf) and (B0); the term proportional to 
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A a p spoils the symmetry. The solution to the problem was recently found by Girardeau and 
Straton J25J. The solution consists in adding to F a term depending on A a p, such that the 



equations become symmetrical. 

Here, a more systematic and elegant, although equivalent procedure of Lo and Gi- 
rardeau |2B| is followed. The generator of the transformation F is generalized to 



F = m\O a - Oim a , (39) 

where the operator O a is a function of the quark and antiquark operators, and are chosen 
such that 

[O a , Op] = 5 a p, [O a , Op] = [Ol 0\\ = 0. (40) 

The consequence of this is that the equations for m a and O a are manifestly symmetric, 

= K(t), F] = O a {t), = [O a (t), F] = -m a {t), (41) 

and their solutions involve only trigonometric functions of t, 

m a (t) = O a sin t + m a cost, O a {t) = O a cost — m a sin t. (42) 

The operators O a are obtained order-by-order in a expansion in power of the bound state 
wave functions, as follows. In the zeroth-order, it is clear that 

Oi 0) = M a . (43) 

This certainly satisfies Eq. fl40"D to zeroth order, and reproduces the original results at the 
zeroth and first orders. Since there is no first order contribution to O a , because A a p, which 
is the term to be canceled in the commutation relation, is already of the second order. 
Therefore, 

O a = M a + 0%\ (44) 
where must be chosen such that 

[O a ,Op] =5 a p + 0(® 3 ). (45) 
The appropriate choice is easily checked to be: 
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(46) 



Following the same course, the appropriate third order operator Of is discovered to be 
given by 



Of = -\m}[A Pj , M a ]M 7 



(47) 



Note that a sum over repeated indices is implied in Eqs. (|46|) and (47). 

Using the new generator F, Eq. fl39|), the second order equations for the quark and 
antiquark operators are obtained in a straightforward way. They are given by 



dt 



s 



K^T 1 M^\t)qf}{t)mf{t) 



dt 



>VV\ 



The integration of these equations leads to the following expressions 



(48) 



in 



aMp sin t cos t — m) a mp sin 2 1 — \ \ / < (1 — cos t) 1 



M^mp (2 — cost) sint 



Qn2 



Qtfif) = ^i^T^T' sin t cost - m^sin 2 * - M^Mp (1 - cost)' 



— M^mp (2 — cost) sint 



QU2- 



(49) 



(50) 



In the same way, one can derive the third order equations 

= S^l^ {2 \qlf\t)mf(t) + g£°>(t)m?(t)] - ^(t) A aP (t)mf(t) 



m 



f (t)g«(t)Mf (t) - M^\t) q W(t)mf(t) 



+ ^^Mf\t)qf\t) [Mf(t)mi )(t) + M(°)(t)m(°)(t)]}, (51) 
= S^^ 1 i 2 K 0) (^ 2) (*) + * 2) W™i 0) (*)] + ^\t)A a p(t)mf(t) 



+ $ 



m^)^)^) - M$ \t)$>{t)m2\t) 



$J^^Mf\t)qf\t) [Mf (t)mf (t) + Mf (t)mf)(f)] } . 



(52) 
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In order to integrate these equations m^{t) is needed, which can be obtained from 
Eqs. (H) and ([46]) 



m a ^ ft) = S * n t + m a cos ^ = ^ ^a^Mp Sm t + VTi a COS t. (53) 

Using this in Eqs. ([y]) and (j52|) above, and integrating, the third order quark and antiquark 
operators are obtained 

<lf ft) = <W {$ ; m [m^mam^ sin 3 t + M^M a m 7 sin t cos 2 t 

+ .\ / ;///,, .1 /- (2 — cos t — sin 2 tj sin t — ^Mgm a m 7 + m^M Q m 7 ^ sin 2 t cos t 

+ mJm Q M 7 (1 - cost) sin 2 t + .\l\.\I n .\I~. (l + cos 2 t) (1 - cost) 

+ m^M^My (cost — 1) cost sin t + g^A^ [2Mg (cost — 1) — 77ig sin t]| 

^ 3) (*) = - <W ^(T 1 {$J W<T$ 7 [m^m Q m 7 sin 3 1 + M^M a m 7 sin t cos 2 1 

+ .\ / ;///,, .1 /- (^2 — cos t — sin 2 t) sin t — {M^m a m 1 + m^Mpm^J sin 2 1 cos t 

+ mJm a M 7 (1 - cost) sin 2 t + M^M a M 1 (l + cos 2 t) (1 - cost) 

+ mjM Q M 7 (cost - 1) cost sin t + g^A^ [2Mp (1 - cost) + mp sin t]} . (54) 

This completes the derivation of the transformed operators up to the third order. The 
formulae above provide the starting point for the construction of effective Hamiltonians 
for a variety of processes involving mesons and quarks, such as an effective meson-meson 
Hamiltonian. There are higher-order terms that provide orthogonality corrections to the 
lowest-order ones. These are rather trivial to obtain and so the discussion of this material 
is defered to section |TV[ 

B. Effective Meson Hamiltonian 

The Fock-Tani Hamiltonian ifpT is obtained from the microscopic quark- antiquark 
Hamiltonian by the application of the unitary operator U, as indicated in Eq. (0). There- 
fore, the structure of the microscopic Hamiltonian must be specified. We consider a micro- 
scopic Hamiltonian of the general form 

H = T(p) q\ L q p + T (u) q% 

+ Vggifiu; ap)q\qlq p q a + -V qq (liv; op)q\qlq p q a + -V^Qjtv; op)q\qlq p q a . (55) 
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The convention of a summation over repeated indices is again assumed. We note that a 
great variety of quark-model Hamiltonians used in the literature can be written in such a 
form. However, at this point of the discussion we have not included in Eq. fl55|) terms such as 
pair-creation, which are of the form q^q^q^q. It will become clear from the discussion below 
that such terms can be handled with no additional problem. We also defer to section [V] 
the discussion of the more complicated structures of the Fock-space decomposition of meson 
states. 

The transformation is implemented by transforming each quark and antiquark operator 
in Eq. (f)^). In free space, the single-meson Fock-space amplitudes of Eq. (0) satisfy the 
following equation 

H^u^'u')^' = e [a] ^ } , (56) 

where H([iu; /iV) is the Hamiltonian matrix 

H(jw; /iV) = 5m5„w [T([/i']) + T([v'})) + V^v- /iV), (57) 

and euj] is the total energy of the meson (center-of-mass energy plus internal energy). We use 
the convention that there is no sum over repeated indices inside square brackets. We note 
that in order to implement the unitary transformation, there is no fundamental reason to use 
Fock-space amplitudes $^ that satisfy the free-space equation, Eq. ( p6|) above. However, as 
we shall discuss shortly, such a choice facilitates many formal manipulations of the equations. 

The transformed Hamiltonian ifpT = U^HU contains the same information as the 
original microscopic Hamiltonian, and as such describes all possible processes involving 
mesons and quarks. Such processes include two-body quark-quark, meson-quark, and meson- 
meson interactions, as well as processes that involve more than two particles (quarks and 
mesons). As we already discussed previously, the unitary transformation can be evaluated, 
in general, only to a finite order in the meson Fock-space amplitude. This implies that 
only a limited class of processes are contained in the transformed Hamiltonian, evaluated 
up to a certain order. Up to the order that the quark operators are evaluated in this paper, 
it is possible to obtain an effective Hamiltonian that describes few-particle interactions. 
In the following, the discussion is specialized to the two-body processes, which are the 
quark-quark, meson-quark, and meson-meson processes. The derivation of the transformed 

16 



Hamiltonian follows the same path as in Ref. [|17[] [26] for the case of atomic physics, where 



the bound states are of the same structure as our meson states. We have therefore skiped 
some intermediate steps, and refer the reader to noted references for details. In section [II I 
baryons are considered, and since the method has not been implemented before for three- 
particle bound states, the transformation of the Hamiltonian is presented with greater detail 
than in the present section. 

The structure of the transformed Hamiltonian, Hp^ = U^HU is of the following form 

if F T = H q + H m + H mq , (58) 

where the first term involves only quark operators, the second one involves only ideal meson 
operators, and H mq involves quark and meson operators. A similar separation of the Hamil- 
tonian is also explicitly obtained in the approach of Ref. || using the CPR. In Eq. 
the quark Hamiltonian H q has an identical structure to the microscopic quark Hamiltonian, 
Eq. (^), except that the term corresponding to the quark-antiquark interaction is modified 
such that the new interaction does not produce quark-antiquark bound states. The new 
quark-antiquark interaction becomes modified as 

V qq = [Vqq(fJ,u; a p) - A(//z/; /iV)if (/iV; ap) - H(fiu; a'p')A(a'p'; up) 

+ A(pv; //*/)#(//*/; a>p')A(a>p'; ap)] q\qlq p q^ (59) 

where A(/iz/; p'v') is the "bound state kernel" 

A( f ,v; f ,'v')=Y,K U K^'- (60) 

a 

For the sake of clarity, here, and in a few subsequent formulas, we explicitly write the sum 
over repeated quantum numbers of mesons. One property of the bound state kernel we 
repeatedly make use of is 

A(pv;p'v')^' = (61) 

which follows from the orthonormalization of the $'s, Eq. (|3|). In the case that the $^'s 
are stationary states of the microscopic Hamiltonian, i.e. they are solutions of Eq. ([56]), the 
quark-antiquark interaction term is modified as 
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Vafru; op) — > V qq ^u; op) - £ e a $r $ a P , (62) 

where e a is the meson total energy [see Eq. It is not difficult to show that the spectrum 

of the modified quark Hamiltonian, H q , is positive semi-definite and hence has no bound 
states This feature is exactly the same as in Weinberg's quasiparticle method ||23|| . In 
Weinberg's approach, the bound states are redescribed by elementary or ideal particles, and 
in order not to change the physics of the problem, the potential is modified in such a way 
that it cannot produce these bound states anymore. In the present formalism, this feature 
happens automatically. 

The term involving only ideal meson operators has the general form 

Hffi T m -\- V m mi (63) 

where T m is the single-meson term, 

T m = E $ r H(w /iV)$f ml m p , (64) 

a/3 

and V mm is the effective meson-meson interaction 

Vmm = - V mm {a(3;'y5)mlmlm s m 1 . (65) 

a/3-fS 

For later convenience, we have divided the potential into direct (dir), exchange (exc), and 
intra-exchange (int) parts as 

V mm (a(3; 7 6) = V^(a(3; jS) + V^(a(3; jS) + V*£{aft -yS), (66) 

where each of these is given by 

+ ^®*fV m (av-, aV)$f ', (67) 



2 &J"&fV„(m /iV)$f + 2*T*TVid?v\ *V)*f'*f 1 , (68) 
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+ ^^fH^v- h'i/)^^ + /iV)$r<^ v ] • (69) 

In general, the effective meson-meson potential is non-local, even when the microscopic 
interaction is a local one. The nonlocality is, of course, due to the extended structure of the 
mesons, and the size of the nonlocality is typically of the order of the size of the meson. 



In section [Ty| we will present a particularly interesting property of namely, that it 
is canceled at the lowest order by orthogonality corrections. These orthogonality corrections 
have the same origin as the subtraction of the bound states from the microscopic quark- 
antiquark interaction, and in the present case they appear as powers of the bound state 
kernel A, defined in Eq. (0). As a result of this cancelation, the effective meson- meson 
potential is then given by the first two terms in Eq. fl66D - 

The term H mq describes a variety of processes involving mesons and quarks, such as 
quark-meson scattering, meson breakup into quarks, etc. One of these terms represents the 
two-meson breakup into two quarks and two antiquarks. The structure of such a term is 

Hmm^qqqq = ^V a/3 (flV; p) g^gj^™/?"^ (70) 

where 

V a ^v- op) = V qq (pp; mV)<'<" + V m {vo- v'c'W:'^' + 2V qq -(pa; n'l/^of . (71) 

When this term is iterated, together with its hermitian conjugate H qqqq ^ mm = H} nm -+ q q q q, 
which represents the recombination of two quarks and two antiquarks into two mesons, the 
following picture of a physical process occurs: (1) in the collision process the two mesons 
breakup into two quarks and two antiquarks under the action of H mm ^ qqqq , (2) then the 
quarks and antiquarks propagate freely, and (3) due to the confining forces they recombine 
into mesons under the action of H qqqq ^ mm . This mechanism is competitive with the one 
of the same second order Born approximation, where in the intermediate state the quarks 
and antiquarks remain bound into mesons. It would be interesting to investigate possible 
observable differences between these two mechanisms in a truly confining model, since this 
would allow to discriminate genuine quark effects from mesonic ones in the scattering process. 



19 



Before proceeding to the next subsection, we notice that the Fock-space hadron ampli- 
tudes used to define the unitary operator U, in principle, do not need to be precisely the 
exact bound states of the original microscopic quark Hamiltonian. One might start with 
given "bare" amplitudes, with parameters to be determined at a later stage. The physical 
asymptotic states can always be obtained as "dressed" states that follow from the "bare" 
ones, using the effective Hamiltonians. That is, it is not necessary to obtain first the bound 
states of the microscopic Hamiltonian, and then perform the mapping. There might exist 
situations where the use of a set of "bare" amplitudes to generate the mapping is more con- 
venient than using the complete set of exact bound states of the microscopic Hamiltonian. 

In the next subsection, the application of the formalism for meson-meson scattering 
is illustrated through simple examples. We have specialized our applications in order to 
compare our results with existing calculations from the literature. 



C. Meson- meson scattering and post-prior symmetry 

In this subsection, the results are compared with other methods presented in the lit- 
erature. We have compared our meson-meson results with the ones obtained recently in 



Refs. [37] PSI [30]. In order to do so, we use, as do the above references, a Fermi-Breit 
Hamiltonian, which includes the kinetic term, a spin-spin part of the one-gluon-exchange, 
and a gaussian potential for the confinement of the quarks and antiquarks. This choice is 
usually made for reasons of simplicity, as it allows one to perform almost all of the calcula- 
tions analytically. We do not discuss the limitations and problems of such a model, since our 
aim is to compare results from the literature, and as such, we need to use the same model. 
In order to make the presentation self-contained, we begin with a collection of formulas 
relating the potential to scattering amplitudes and cross sections. We also present a brief 
discussion of the post-prior discrepancy, which is a problem that plagues composite-particle 
formalisms. We then show explicitly, through a numerical example, the effect of the breaking 
of this symmetry and discuss how the present formalism solves the problem. 

The exact two-meson scattering and reaction amplitudes are given by the T-matrix 
elements in the Fock-Tani representation as 
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T(af3 ;1 5)(z) =< ai3\T{z)\^5 >= (a^|2W(z)| 7< y), (72) 

where the asymptotic final and initial meson states 

| a/3) = f/- 1 MtM / t|0>= m+mjiq), (73) 
| 7 5) = U~ 1 M\M}\0>= m\ml\0) , (74) 

are eigenstates of the operator T m of Eq. (|6~4j) . Note that for asymptotic scattering states, 
the unitary transformation is trivial, as discussed at the beginning of this section. The 
transition operator T FT (z) satisfies a Lippmann-Schwinger equation 

T FT (z) = V FT + V FT G (z)T FT (z) , (75) 

where Vft is the interacting part of the Fock-Tani Hamiltonian, and Gq(z) is the noninter- 
acting propagator 

G {z) = {z - H®.)- 1 . (76) 
Here, H FT corresponds to the single-particle part of H FT 

Hf T = £ TWqlfo + £ T{v)qlq v + £ ^H{^; //V)<t>f m+ m p . (77) 

M v a/3 

To first order, only the meson-meson part of the effective potential V FF contributes to the 
scattering matrix, since the asymptotic states contain only ideal mesons, and thus 

TV/?'; 7 '5')(z) = {a'(3'\V mm \iS) ■ (78) 

The differential cross-section for the process i — > f can be given in terms of the relativistic 
invariant matrix element, Aifi, as 

da fi (s,t,u) 1 1 ... , , l2 

where P(s) is the relative three-momentum of the initial mesons in the center-of-mass frame 
and s, t, u are the Mandelstam variables. Due to translational invariance, the T-matrix 
element can be written as a momentum conservation delta-function, times a Born-order 
matrix element, hfi 
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T{aP;<y8){z) = 8®{Pf-P i )h fi , 



(80) 



where Pf = p a + Pp and Pi = j? 7 + p s are the final and initial momenta of the two-meson 
system. The invariant matrix element is then given by 

Mfi = 7^73 f[ [^fE n }h fl) (81) 

(27T) n=1 

and the total cross-section is obtained by integrating Eq. ( [79] ) over t, 

a ft (s)=l dt - , (82) 

where £_ and t+ are the minimum and maximum transfer momenta . 

Consider the rearrangement collision between composite particles 7 and 5, resulting in 
particles a and /3, 7 + 6 — > a + f3. In this type of reaction, the constituents of the colliding 
systems can be redistributed during the process, and thus, the reaction may result in the 
same original states (elastic scattering) or in different states (inelastic scattering). The 
full Hamiltonian which describes the system is usually split into free and interaction parts 
as H = H° + V. Because of the internal degrees of freedom, this decomposition is not 
unique |29f . One could, for instance, choose a decomposition in which H° is diagonal on the 



initial or final asymptotic states, 

H = H? + Vi = H° f +V f . (83) 

Generally, Hf 7^ H* and Vi 7^ Vf, since the initial and final rearrangement channels can be 
different. Thus, the T- matrix element that describes the scattering can be written in either 
the prior form or in the post form, with the interaction respectively in either the initial 
channel or in the final channel 

T{a(5; 1 8) prior =<^\V i \(j) 1 s>: T(a(3;-f5) post =<(j) a/ 3\V f \^+ s > . (84) 

The initial and final free asymptotic states, 7 5 and (j) a p, are eigenstates of the free Hamil- 
tonians, if? and Hj. The outgoing and incoming exact scattering states, and are 
eigenstates of the full Hamiltonian and satisfy Lippmann-Schwinger equations, 

= 75 + G+V^+ s , ^ = Kp + G V f *-p , (85) 
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where Gq and G are the retarded and advanced free-particle Green's functions given by 
G+ = ]im [E-H° + ie]-\ G = \im[E - H° f - ie)' 1 . (86) 



It can be proved that the prior and post forms are strictly equivalent on the energy shell [33 



Thus, the exact T-matrix is symmetrical under the interchange of initial and final states: 
T{ocf5- n 8) =< Kp\Vi\<f>76 >=«f>ap\V f \*+ s > . (87) 

The first-Born approximation consists in replacing by Q/ g and by 7 5 in Eq. ( p4| ) . 
Thus, the prior and post forms of the first-Born T-matrix elements are given by 

T B (a[3;'y5)p rior =<(f) a/ 3\Vi\(f)~ f 6>, T B (a(3;-f5) post =<(j) a p\Vf\(j)jS> ■ (88) 

These two expressions are equal only if the free asymptotic states, 4> 7 s and are exact 
eigenstates of their respective free Hamiltonians. When approximate wave functions are 
used for the bound states, one generally finds different values for the prior and post matrix 
elements. This difference is known as the "post-prior" discrepancy. It appears in many 
derivations of scattering amplitudes for reactions involving composite particles, since the 
exact bound state wave functions are usually not exactly known. 

The lack of this symmetry will be shown not to be of importance for the "symmetric" 



initial and final states, as in the case of7r + 7r^7r + 7r [27] ||28|| ; however, it is of importance 
for asymmetric cases like J/ty + ir — > .D-mesons |3(J. Of course, one way to cure the problem, 
as done by Swanson in the first reference of Ref . E7J , is to use the exact eigenstates of the free 



Hamiltonian. However, it might occur in a realistic situation that the problem is sufficiently 
complicated, and that an exact solution is unobtainable. Within the Fock-Tani formalism, a 
post-prior symmetrical effective Hamiltonian is automatically attained. As a result of this, 
a first-order T-matrix element that is free of post-prior discrepancy is obtained, even for 
approximate eigenstates of the "free" Hamiltonian. 

Let us start specifying the quark-quark, antiquark-antiquark, and quark-antiquark terms 
in Eq. fl55|) that are used in Refs. |27j |28j f3(|. Spelled out in full detail, these are given by 



i f d 3 k lC i 3 k 2 d 3 k 3 d 3 k, fx a \ clC3 (x a \ C2Ci 

^ - 2 i — {^f — 5hh5hh \y) \y) 



x f/ SlS3;S2S4 (fci - fc 8 ) fi(fei) C 2 (fc 2 ) g s c 4 4 /4 (fc 4 ) <4 3 / 3 ( fc 3), (89) 
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1 f d 3 k 1 d 3 k 2 d 3 k 3 d 3 k A 



6 hh 5 . 



A 



aT \ c i c 3 / \aT\ C 2 C 4 



"'' 2 7 (2vr) 3 u /i/3"/ 2 /4 ^ 2 / y 2 

-cif /i \ -cat 



x r„ ^j*. - fc s ) gtMfci) gS,(fc) C 4 4 /4 (fc4) C 3 / 3 ( fc 3), 
d 3 M 3 M 3 M 3 fc4 - - /" A a \ clC3 / X aT ^ 0204 



99 



•» c lt f I. N ^ c 2t 



(2tt) 3 -^«-^4 y 2 7 V 2 



X f/ SlS3 ; S2S4 (fcl - fcs) C^fcl) C/ 2 ( fe 2) C 4 / 4 ( fc 4) 



(90) 
(91) 
(92) 



where A a /2 for quark and —X aT /2 (T means transpose) for antiquarks, are the SU(3) color 
matrices. The potential functions are given by 



u slS3 ;s 2 s 4 (q) = ^ (3) (fci + k 2 -k 3 - fe 4 ) u^LsM) + Kss-^M 



(93) 



with 



U. 



siS3;.S2S 



57rao / a 



a' 



3mim 2 \ 2 / \ 2 / 



(94) 
(95) 



where mi and m 2 are the constituent quark and antiquark masses, a 1 (i = 1,2,3) are the 
Pauli spin matrices, a s is the QCD structure constant, Vq and x are the parameters of the 
gaussian potential, and C is a constant to adjust the lower part of the spectrum. 
The explicit form of the creation operator for a composite meson is 



Mhs F {p)=T, c c C2 X s s lS2 H lh /*i* J * P (*i 1 fc s )gl llA (fci)5U A (fc J ) I 

csf 



(96) 



where Cc, Xs, an d Tf are respectively the color, spin and flavor Clebsch-Gordan coefficients, 
and $ p is the spatial amplitude, an S-wave gaussian given by 



' b 2\ § 



^ = S^(p-k l -k 2 )\ [ jj e~ b2 ' k2/2 , (97) 
where k = rjki — (1 — T])k2, with 77 = m 2 j{m\ + m.2). The gaussian parameter b is related 



to the r.m.s. radius of the meson by < r >= J 3 /2b. 



Let us now compare our results with the ones from Ref. |[27|| ) which uses the QBD method, 
and those from Ref. [28|, which uses a Green's functions method. These references consider 
1 = 2 meson- meson scattering, and consider m x = m 2 = m g . In the present formalism the 
effective meson-meson potential for this channel is given by 
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V mm = iy d 3 Pd 3 P'd 3 pd 3 p'5 i - 3 \P' - P) [V conf (p, P ') + V ss (p,p')} 

x m Al (P'/2 + p') ml 2 (P'/2 - p') m A4 (P/2 - p) m As (P/2 + p) , (98) 

where Aj (i = 1, • • -4) are the meson isospin quantum numbers (in this example they corre- 
spond to the quantum numbers of 7r + ), and V con f and V ss are respectively the contributions 
from the confining and the spin-spin interactions, given by 

2V b 3 



Vconf (P, P 



3 

Z \ 2 



9 V2tt/ 1[^(4 + 3x)]2 

-6 2 (p' 2 +p 2 )/4 [^fc 2 (p'+p) 2 



-ft 2 



>' 2 +^P 2 )/4 + e -6 2 (^p' 2 +P 2 )/4 



+ e 



xzb 2 (p'—p) 



(99) 



Ks(p,p) = — 



2 (p' 2 +p 2 /3)/4 + e -6 2 (p 2 +p' 2 /3)/4 



6 [3\/3 

+ e -fe 2 (p'-p) 2 /8 + e -6 2 (p'+p) 2 /8 



(100) 



where 



3m 2 7r 2 



6 2 X 



2/ 



(4 + x) 



1 



(101) 



2 ' " (4 + 3x) ' " (1 + x) 
Comparing our expressions with Eqs. (25) and (26) of Ref. [pjj[] , two differences are im- 
mediately noticed: (1) we have extra terms because in the meson- meson potential we have 
included the contributions coming from quark-quark and antiquark-antiquark interactions, 
whereas in Ref. |28|| only the quark-antiquark was used, and (2) the different overall numer- 
ical coefficient is due to the fact that we have removed the color factors A a A a /4 from the 
interactions. It is also noticeable from the above expressions that the effective meson-meson 
potential is symmetrical under the exchange of initial and final states (p <-> p'). 

Considering only the spin-spin term in Eq. (|93"D , and writing the scattering amplitude 
h fi defined in Eq. (|80"D in terms of Mandelstam variables, the following Born-order on-shell 
matrix element is obtained: 

" 16 



7 ' v an 



3V3 



e 6 2 ( S -4M 2 es )/12 + e fe 2 t/8 + e fe 2 n/8 



where 



M„ 



2m + 



2b 2 m q 3m 2 b 2 ^ 



(102) 



(103) 
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This result is identical to the one obtained in Ref. [p7 with the QBD method. 

Now we compare results for an "asymmetrical" reaction, namely, charmonium dissocia- 
tion by inelastic scattering on pions |]30| 

(104) 



J/^( 3 15x) + TiflSo) -> D(1S) + D(1S). 



The J/^> mesons are composites of a heavy quark and a heavy antiquark pair, denoted by 
(QQ), and the pions are composites of a light quark and a light antiquark, denoted by (qq). 
The final mesons D, D are composites of a (gQ) or a (Q?) pair and can be either in the 
fundamental D, D^ISq) or in the excited D*, D*( 3 lSi) states. By momentum conservation, 
the only allowed final meson states are the excited ones. The threshold for each process is 
given by the mass difference 



AM = (M D + M D ) - {M m + MO 



(105) 



The cross-section for this process was calculated by Martins et al. ]30| using the QBD. They 
employ the microscopic interaction given by Eqs. d93[)-(95), but the confinement gaussian 
potential is not considered in the qq and qq channels, and the spin-spin term is neglected 
in all channels. In Ref. [|5(J the prior potential matrix elements are considered. In order 
to compare results, only the confinement contribution to the invariant matrix element is 
considered, and Vq is multiplied by a numerical constant in order to compensate for the 
presence of Gell-Mann matrices in our Eq. ([53). 

In our formalism, the invariant matrix element can be written as 



M}T f 



(M 



conf\ 



<conf\ 



(106) 



)prior (•A^lgq " )post 

where the prior and post invariant matrix elements are obtained respectively from the prior 
and post effective potentials (note that because of the Gell-Mann matrices, the V^m part in 
Eq. (pBp does not contribute) 



prior 



(107) 



(108) 



26 



The term {M. C qq l ^) pr ior is equal to the matrix element ab + ab described in Appendix C of 



Ref. [PD| . Using the notation of Ref. POfl , one can write 



(M conf ) ■ 

\ J l qq Jpnor 



M% BD 



M n l + MX. 



(109) 

That is, the prior form of our matrix element is one- half of M QBD used in Ref. f30|. The 
post form of the invariant amplitude is given by 



(M conf 



qq Jpost 



4 Vn 



3 3 



9 (2tt) 3 

where x = 1/(2%), a = \Q g and 

1 



(A QQ A OT )*(327r)*z3e 



-a|P| 2 



1 e - A |P? + 1 
Ai A 2 



(110) 



\P\ 2 = - 

|p/|2 



4s 

1 r 



8 - (M 2 ^ + Ml) - AM 2 J/lp Ml 



4s 



[s - (M'l + M 2 D ) 2 - AM'lM\ 



D 



M= { ^{[s 2 -(M^-Mlf] [s 2 -(M 2 



D 



M 



2 -f 

d) 



01 



02 



Ai 



A, 



2[2X Qq (X QQV 2 + X' qq (l - v ) 2 ) + X' qq X QQ ] 



2[2A Qg (Ag Q r7 2 + A OT (1 - r?) 2 ) + A OT A' QQ ] 



Aoo + 2Aq 9 + A 



x + X qq )(X' +2X Qq + X 



QQ) 



X 



Qq 



X + Aqq)(Aqq + 2Agg + X qq ) 



K Qq 



(111) 



In these: 



X Qq = b 2 D /A = b 2 D /A, X qq = b 2 jA, X QQ = b 2 ,J^ V 



m Q 



m q + m Q 



X 



xX 



Qq 



Qq 



A 



xX 



qq 



X + Xr ' "« 



A 



a;A 



QQ 



;ii2) 



\Qg X + Xgg X + Aqq 

The cross-sections for the final channel are obtained from Eqs. ( |79"D and (|5^). The total 
cross section for the reaction is a function of the center-of-mass energy and is obtained by 
summing over all possible final channels a to t(s) = S/ =1 er/i(s). For numerical evaluations, 
the same parameter values as in Ref. |30| are used: 



m Q = 1.67 GeV , m q = 0.33 GeV, 

V -> = 0.675 GeV, G = 0.24 GeV, x = 1.0 GeV' 2 , 



X QQ = 0.64 GeK~ 2 , X qq = 2.4 GeV" 



1.7 GeK 



-2 



(113) 
(114) 
(115) 
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In Fig. 1 the total cross sections for the qq channel is shown as a function of the relative 
kinetic energy of the J / ip and the 7r in the center-of-mass system, E. The dashed line refers 



to Ref. |30|], and the solid line is obtained with our post-prior symmetrical interaction. 
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Figure 1. Total cross-sections for the prior and post-prior matrix elements. 



From this figure it is evident that the breaking of the post-prior symmetry might have 
a dramatic effect on the observables. We have explored the consequences of using the 



interaction also in the qq and qq channels |j34| , instead of using it only in the qq channel as 
in Ref. |Kj . We obtained the amusing result that the lack of post-prior symmetry is to a 
large extent compensated by the inclusion of the qq and qq contributions in our explicitly 
post-prior symmetrical effective interaction, and the results are consistent with the values 
obtained in previous phenomenological calculations 
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III. MAPPING OF BARYONS 



As discussed in the previous sections, there are several appealing features of the Fock-Tani 
representation that make it particularly interesting for the treatment of composite hadronic 
interactions in quark models. The extension to the baryon case might be useful for several 
interesting applications in nuclear physics. The nucleon-nucleon interaction, for example, 
exhibits a strongly repulsive short-distance core, which is attributed to the exchange of the 
k>meson. Since nucleons have a radii of about 0.8 fm and the range of the meson exchange 
force is l/m u ~ 0.2 fm, it is natural to expect that the nucleon substructure will play a role 
at such short distances. Other examples include high density and/or temperature nuclear 
matter where the internal degrees of freedom of hadrons will simultaneously be present with 
hadronic degrees of freedom. 

We start with the definition of the single-composite baryon creation operator, B^, in 
terms of three quark creation operators 

B ] = -L^i^V q\ q t (HQ) 

\]//^2A*3 is the baryon wave function, where the index a identifies the quantum numbers of the 
baryon, and fi those of the quarks. The Fock-space amplitude is taken to be orthonormalized, 

<a\[3>= ^W2^/™ 3 = Sa/3 ( 117 ) 

Using the quark anticommutation relations, Eq. and the normalization condition above, 
it can easily be shown that the baryon operators satisfy the following noncanonical anticom- 
mutation relations 

{B a , B\) = 5 af3 - A a/3 , {B a ,Bp} = 0, (118) 

where 

In addition, 

{QuBt} = ^r^ids' i^ B «} = °- ( 12 °) 
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As in the case of mesons, the operator A a/ 3 is due to the composite nature of the baryons. 

The unitary transformation is defined such that a single-baryon state \a> is transformed 
into an ("ideal") elementary-baryon state, 

\a>= Bl\0> — ► U- l \a>= \a) = 6* |0). (121) 

The ideal baryon operators b\ and b a , by definition, satisfy the canonical anticommutation 
relations 

{b a ,bl} = 5 af3 , {&„,&,?} = 0. (122) 

The state |0) is the vacuum of both q and b degrees of freedom in the new representation. 
In addition, the quark operators q^ and q are kinematically independent of the b\ and b a in 
the new representation 

{q„b a } = {q„bi} = 0. (123) 
The generator F of the unitary transformation is again an anti-hermitian operator defined 

by 

F = biO a - 0%. (124) 

The O a operator is constructed in a iterative manner, order by order, in the baryon wave 
function by requiring that: 

{O a , 0\} = 8 aP , {O a) 04 = {Ol 0\} = 0. (125) 

As in the case for mesons, this iterative procedure ensures that no secular terms appear. 
The explicit form of the operator O a is obtained in a straightforward calculation, following 
the same procedure as in the previous section. Up to third order, it is given by 

O a = B a + l -A a pBp - ^Sj[A^ 7 , B a ]B T (126) 

It is not difficult to verify that O a has a canonical anticommutation relation up to the third 
order in the \l/'s. The next step is to transform the quark operators. 
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A. Transformation of the quark operators 



Given the generator F of the baryon transformation to a certain order, one needs to 
evaluate 

Q FT = U~ x O U. (127) 

As discussed in the previous section for the mesons, because of Eq. (|125|) , the equations of 
motion for the operators b Q (t) and O a (t) are manifestly symmetric, 

^ = [b a (t), F] = O a {t), = [O a (t), F] = -b a (t), (128) 

and can be trivially integrated, yielding 

b a (t) = O a sin t + b a cost, O a (t) = O a cost — b a sin t. (129) 

The transformation of the quark operators follows as in the previous section. However, the 
transformed operators for the present case contain a few more terms than those for mesons. 
In order to simplify the presentation the results are quoted for t = —n/2. 
The zeroth order operator is of course g^ -* = q^. The first order one is 

?? } = <W sjln^iA Op ~ B ,) ■ ( 13 °) 

The solution to the second order equation leads to 
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- (bU 2 Q^sh + BUl 2 q^B p - 2Biql 2 q, 2 q,,b p )] . (131) 

And finally, the solution of the third order equation is 

+ b$ T ^ [^p^^(Bi - bDBlq^q^b, 

+ (2^^*™ - ql 2 ql A (-b%b, + BlBpB, - BlB p b, + b\ Bfa) 

+ 2*^ 3 *™« 2 <i (- b %b, + BlBpB, - BlB.b, + blB p b,) gj |. (132) 

This result concludes the evaluation of the transformed operators which will be necessary 
to construct the Hamiltonian in the new representation. This is done in the next section. 
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B. Effective baryon Hamiltonian 



The Fock-Tani Hamiltonian ifpT is obtained from the quark-quark part of Hamiltonian 
in Eq. fl55|) . The free-space eigenvalue equation for the single-baryon state is 



H^*p)W* = E [€i fift\ (133) 

where the Hamiltonian matrix H{\xv\ ap) is given by 

H(pu,ap) = 3 [8^ ]a 8 up T{\n]) + V qq {pv; a p)]. (134) 

£ a is the total energy of the baryon. Here the notation is once again used so that there is 
no summation over repeated indices in square brackets. 

The Fock-Tani Hamiltonian for baryons has a general structure similar to the ifpT of 
mesons, namely, 

H FT = H q + H b + H bq . (135) 

The term H q involves only quark operators, H b only ideal baryon operators, and H bq involves 
both quark and ideal baryon operators. 

In order to obtain the quark-quark interaction in the new representation, only the ap- 
propriate terms need be collected from the lowest order ones qt^'qy and q^'q^, from the 
transformation of kinetic energy, and q^ 1 ' ql^ ' qj® and qt^qt qp \ from the trans- 
formation of the potential. This leads for the new quark-quark interaction the following 
expression 



1 

+ 6 



A(i/ii/ 2 f 3 ; p, x pv) H(fj,u; p 2 p 3 ) + H{viv 2 ; crp) A(apv 3 ; pip 2 Pz) 



qti q\/2 ^3 q^2 q^ > 

(136) 



- A(uxu 2 u 3 ; Tpv) H(pu; ap) A(apr; pip 2 p 3 ) 
where A(/j,vt; p'u'r') is the bound state kernel for baryons, 

A(pur; p'v'r') = £ (137) 
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In the case that the \I/'s are chosen to be the eigenstates of the microscopic quark Hamil- 
tonian, Eq. ( |136| ) can be written in the following suggestive way 

V m = \ V qq(W O-P) QUUpQa ~ £ ^A®*- (138) 

As in the case of mesons, it is not difficult to show that the spectrum of the modified quark 
Hamiltonian H q in Eq. (|135|) is positive semidefinite. 

Note that because V qq {pv\ap) is a two-body interaction, the creation and annihilation 
operators with sub- index 3 can always be contracted with each other in Eq. ( |136[ ), such that 
the new quark-quark interaction, V qq , remains in a two-body form . 

Among the various baryon-quark Hamiltonians Hf, q in Eq. (|135|) , the two interesting 
ones are the single-baryon break-up and the binary collision break-up. By collecting the 
appropriate lowest order terms of the transformation of the kinetic and potential terms, the 
single-baryon break-up interaction (single-break) is obtained as 

1 



-^single— break y/Q 



H(fJ.u; ap)^ pT3 A(/Zi/i2/i 3 ; /wr 3 )l q^ql^bp. (139) 



The hermitian conjugate of -Single-break represents a baryon recombination. When \l/ is 
chosen to be a stationary state of the microscopic quark Hamiltonian, Eq. ( |139| ) becomes 

-^single-break = 0. (140) 

This result reflects the stability of the baryon state to spontaneous decay in the absence of 
external perturbations. For a baryon in the environment produced in a heavy-ion collision, 
for example, one would be interested in the modifications on the free-space wave function 
properties of the nucleons, and obviously the effective Hamiltonian of Eq. ( |139| ) would be 
relevant in such a situation. 

In the same way, a binary baryon collision break-up (binary-break) term can be found, 

binary-break = ^(jW^p) ql ^ ^ 

= h^%^W qq {pv- op) qUUlqldAMP ■ ( 141 ) 

In a hot and/or dense medium, where constituents and composites can be simultaneously 
present in the system break-up terms may play an important role. 
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The piece of the effective Hamiltonian that contains only ideal baryon operators, repre- 
sented by the second term of Eq. ( |135| ), can be written as: 

H h = Hl 0) + V bb . (142) 

H b f is the ' 'non-interacting" term, obtained by substituting the transformed operators into 
the expression 

T^)qt {1) (t)q£ )(t) + ±V w (/u/; ap)qf\t)q^\t)qf\t)q^\t). (143) 

After putting the expression in normal order, a term is obtained that contains only ideal 
baryon operators, 

Hi 0) = H^(a;P)b%, (144) 

where 

ff$(a; 0) = *r T # O; °PW{T- (145) 
The baryon-baryon potential is obtained from the expression 

T(ji) [qf\t)qi\t) + qf\t) q ^\t)]+\v qq {^ap) [qf\t)qf\t)qf\t)qU{t) 

(U (0) it)q? (thP (t) + (U® (t)^ 0) {t)q? (t) 
+qTHt)q^(t)q^(t)q^(t) '(t)q^ (t)q® (t)q® (*)] . (146) 

Substituting the transformed quark operators, and putting the resulting expression in normal 
order, terms are obtained that again involve only ideal baryon operators. The total baryon 
Hamiltonian may be written in the form 

H b = K" uX H(^; <yp)% pX b% + l - V bb (a(3; tf 7 ) b%b,b s , (147) 

where V bb = V b f r + V bb xc + V b l b nt is the effective baryon-baryon potential, which is divided we 
divide again into direct, exchange, and intra-exchange parts, where 
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Hf («/3; h) = 9 V qq {^; ap)^^^ u ^p;^^\ (148) 

a /3 \ 7 8 T^^j ¥ § J 

—2 v]/*A l / i 2M3v|>*fl^2V^viy2A'3v|>^A t 2P (149) 

V^or/J; $l) = -QH{fiu- ap) ^^^p^^^^B 

Similar to the meson case, it can be shown that if the \l/'s are chosen to be the eigenstates 
of the microscopic quark Hamiltonian, the intra-exchange term V^ 1 is precisely canceled by 
orthogonality corrections at lowest order. 

In the next subsection, our nucleon-nucleon result is compared with the one obtained 
in Ref. [ 32| . In the quark model used in Ref. [p2| , the \l/'s are taken to be nonrelativistic 



s-wave gaussians, and the microscopic quark-quark interaction is the spin-spin part of the 
nonrelativistic reduction of the one-gluon exchange. 

C. An effective nucleon-nucleon potential 

According to our notation, the nucleon wave function used in Ref. [3^] is given by 



*™ = 5{pa _ pi _ p2 -p^)M{ Pa ) ■=- e c ^ c «3 x y^s 0( Pl )0(p 2 )0(p 3 ), (151) 



where e c ^i c ^2 c ^3 is the color antisymmetric tensor; -^ 1i/m2/a ' 3 i s the Clebsch-Gordan coefficient 
of spin-isospin, the 0's are the single-quark wave functions, and M{p a ) is a normalization 
function. The explicit form of the momentum-space single-quark functions is 

m = (^) 3/ ex p(-^)- ( 152 ) 

With such a form, Af(p) is obtained to be 

'3tt\ 3 / 4 fb 2 p 2 
— I exD I 

The constant b is related to the mean-square radius of the baryon by b 2 =<r 2 > 



M(p) = [-gr) exp 1 6 J ' (153) 



Using a local quark-quark interaction V qq as in Ref. [32], i.e. an interaction that depends 



only on the momentum transfer, the 12- dimensional integral over the quark coordinates in 
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the expression of the effective potential can be evaluated analytically, because the single- 
quark wave functions are gaussians. Then the NN potential can be written in the form 

V N n = ]>f d Pi~ ' ' d P^{Pi + P 2 -P3-P4) <hK\V NN (a-,T,p 1 ■ • -p 4 )|AiA 2 > 

x^> 4 )&i 3 (p 3 )MP 2 )MPi), (154) 



where A = (M s , M T ) and 



V NN ((T,T,p 1 ---p 4 ) = Wi(cr,r)^(p 1 ---p 4 ). 



(155) 



i=l 



The operators Ui(cr,T) are obtained from the sum over the quark color-spin- flavor indices; 
cr^y and are nucleon spin and isospin operators. The sum over the quark spin-isospin 
quantum numbers can be evaluated in closed form by making use of the elegant technique 



of Ref. [35]. The spatial functions can be written as 



v l (p 1 ---p 4 )=F(q 2 )V m (q)F(q 2 

L2\ 3/2 



(Zb 2 \' 



Pi) 



(156) 
(157) 



where q = p 3 — p 1 = p 2 — p 4 is the momentum transfer, F(q 2 ) is the nucleon form factor 

/ b 2 ^ 



F(q 2 ) = exp l- u -q 2 



and N(p 1 ■ ■ -p 4 ) is given by 

N(Pi ■ ■ ■ Pa) = ex P 
and U{pi ■ ■ ■ p 4 ), i — 2, • • - , 5 are the integrals 



1)2 ( + I p 3 + Y^Pl ~ \p\ ~ Pa-P2 ~ \prP2 + \pi-Pz 



h{Pi • • - p 4 ) = / dqV qq (q) exp 
hijPx ■■■Pa)= J dq V m (q) exp 
I 4 (P4 ■■■Pi) = J dq V m {q) exp 
h(Pi ■■■Pi) = J dq V m (q) exp 



Q 



q-{Pi - Pi, 



-b 2 i^q 2 + \q-{p-i-P2) 

-b 2 (^ 2 + q-(|p4 + |p3-|p 2 ; 



q 2 - q-{\pi - 1P3 - \p2, 



(158) 

(159) 

(160) 
(161) 
(162) 
(163) 



When using V qq (q) = Vo = constant, which represents a contact interaction, such as the 
spin-spin term from the one-gluon exchange used in Ref. the following expressions for 
the u-'s are obtained 
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MPiP') = V 3(P,P') = V exp 



— 3 (P-P) 



.3,3/2 
AJ 

Mp,p') = ^(p',p) = vb 



/' /' i = V [-) ( ' X P 



(p 2 + p 



'2<\ 



6 

12\ 3/2 

TiJ exp 



2b 2 



-^(p-pT-^ + V 2 ) 



(164) 



Now, when the color-spin-flavor dependence of the interaction is equal to the spin-spin 
term of the one-gluon exchange, Eq. (|95"D , the spin-isospin functions u^cr, r) are given by 



u) x = 0, 
1 

12 



1 + v A 



N ' N 



1+ rj 



N 1 N 



UJ3 = ~ 



1 + v A 



~ 1 + 
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AT ' Af 



r 1 «-2 



UJ4 



1 ~ 9 T ^' r ^ 



5_ 
9' 



1 H J l 
- 1 - -TwT 



2 

A" " ' AT 



_1 _2 

cr N -cr N 



(165) 



Note that o?i = because there is no one-gluon exchange between colorless baryons. 

On-shell, i.e., when p 2 = p' 2 , this result is precisely the same as obtained within the 
quark Born diagram method for the T- matrix |32|| . For the off-shell case, it is evident that 
our interaction is post-prior symmetric. The symmetry is of importance for calculations 
beyond the Born approximation, where the potential is iterated in a Lippmann-Schwinger 
equation. 

In the next section orthogonality corrections to the lowest order hadron-hadron Hamil- 
tonians will be derived. The study of the hadron-hadron interaction using the constituent 
quark model has been traditionally been done with the resonating group method (RGM). 
There is an extensive literature on the subject; two good review articles are given in Ref. pfi|| . 
The RGM will be used in the next section to make contact with the Fock-Tani represen- 
tation, and to illustrate in a transparent way the physical meaning of the orthogonality 
corrections for the effective meson-meson interaction. 
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IV. ORTHOGONALITY CORRECTIONS 



Orthogonality corrections appear in the form of terms proportional to the bound state 
kernels A(/iz/;ap) and A(/j,u\; apr), and have the effect, among others, of weakening the 
"intra-exchange" interactions. An example of this effect is the renormalization of the mi- 
croscopic interaction, shown in Eqs. ([59]) and ( |136| ). In the hadron-hadron interaction, they 



reflect the Pauli principle among the constituents in the different clusters. In this section, 
the lowest-order corrections (in an expansion in powers of the bound state kernels A) for 
the effective meson and baryon Hamiltonians are obtained, and the RGM is used to evaluate 
the magnitude of higher oder terms. 

Before entering into the derivation of the orthogonality corrections within the Fock- 
Tani representation, use is made of the RGM for the meson-meson scattering. The RGM 



is extensively used in the context of hadron-hadron scattering [SB], and the meaning and 
origin of these corrections is particularly transparent within this method. Of course, as will 
become clear at the end of the discussion, orthogonality corrections apply to all pieces of 
the effective Hamiltonian, not only to the effective hadron-hadron interaction, and can be 
systematically derived from within the Fock-Tani representation. 

In a RGM calculation the two-cluster state is introduced by writing 

\A>=-LipfMtMl\0>, (166) 

where t/'a is the ansatz wave function for the meson pair; it describes the cm. and relative 
motions of the two meson clusters. The M^'s are the meson creation operators as defined 
in Eq. (0). A identifies the set of quantum numbers of the two-cluster state. Using the 
commutation relation of the meson operators, Eq. ([|), the normalization condition for the 
-0a i s obtained to be 

< A| A >= ^N{a(3- a'(3')^P' = 5 A , A , (167) 

where N(aj3; a' f3') is the "normalization kernel", given by 

N(a/3; a' (3') = <W V - N E {a(3- a' (3') = <W<W - $r ®7^K> ■ (168) 

The exchange kernel iV^a/?; a'(3') comes from the noncanonical part of the meson commuta- 
tion relation of Eq. (|^), and it reflects the Pauli principle among the quarks and antiquarks 
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in the clusters a and (3. The equation of motion for ip^f is determined by means of the 
variational principle 

5 <A\(H - E A )\A>=0, (169) 
which leads to the RGM equation, 

[H RGM (aP; 7*) - E A N(a(3; 7< J)] = 0, (170) 

with 

H RGM (ap; 7<5) = T RGM (af3; 7 <5) + Ki, m (a^; 76), (171) 

where the kinetic term T RGM (a[3; 7 5) is given by 

TrgmW; j6) = Sps^H{fiv; //V)^' + S a ^f v H(fiiy; /xV)$£ v , (172) 

and the potential terms K nm (a ( 5; 7 5) are precisely equal to the Fock-Tani potentials given 
in Eqs. 

The two-meson wave function is not normalized in the usual quantum mechanical way, 
because of the presence of normalization kernel in Eq. ( |167|) . It is common practice [|36| to 
introduce a "renormalized" wave function defined as 

$f ^N^ap-a'^f, (173) 

where N 1 ' 2 is the square root of the RGM normalization kernel. This clearly leads to 

jffif = 8 A , A . (174) 

In terms of the renormalized wave function, the RGM equation can be rewritten as 

H RGM (a(3\ 7 5) - E A 8 ai 8f3s $ A = 0, (175) 

where the "renormalized" RGM Hamiltonian is defined as 

HRGMia/3^5) = N-^a^a'^HRGMia^'^'^N^^'d'^d). (176) 

Now, if is expanded in Eq. (|176 ) according to 
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(177) 



where Ng is the exchange kernel defined in Eq. ( |168| ), and only the first order term is 
retained, the lowest order correction to the RGM Hamiltonian is given by 



H RGM (aP; j6) = T RGM {af3- j6) + V^{a(3- 7 6) + V^(a(3; j6) 

-I {$r $ r [H(fiu; pV) - HQur, Ar)A(Ar; /iV)] $£ V < + (a «-> (3; 7 «-> 5)} 

-~ {$r*r A) - A (^> Ar)^(Ar; /xV)] $£ V ^ + (a - /?; 7 - 5)} ■ (178) 



If the $'s are chosen to be the eigenstates of the microscopic quark Hamiltonian, the intra- 
exchange term is cancelled (see Eq. (|59"|). This cancelation is the main effect of the 
renormalization of the wave function, higher order terms in the expansion give small correc- 
tions. This is explicitly demonstrated in the following two examples. 

The derivation within the Fock-Tani representation of the corrections discussed above is 
trivial, since these always appear in such a form that the microscopic Hamiltonian acts on 
a bound state kernel. With a little of experience with the manipulation of the equations of 
motion of the quark operators, the relevant terms in these equations can easily be identified. 
It is easy to convince oneself that the lowest order corrections for the effective meson- 
meson potential come from terms in the microscopic quark-antiquark interaction of the form 
Q^QvQ^Q^+h.c.. In order to obtain q( 5 ' and q^\ the generator F of the transformation 
at fourth order is needed. 

It is not difficult to show that the fourth order O operator for mesons is given by 



In the proof of the commutation relation of Eq. (f4FJ) up to fourth order, it is useful to make 
use of the Jacobi identity for bosonic operators A, B, and C, 



Next, the fifth order quark equation of motion is obtained, and only the terms that 
are relevant for the lowest order orthogonality corrections are retained. These come with 
an antiquark creation operator q* and three ideal meson operators. This is because the 



Oi 4) = A a ^A /37 M 7 - l - M+[A Q7 , A /35 ]M (5 M 7 + l - M^[M a , Mj]]M 7 M, 



s , 



(179) 



[A, [B,C]] + [C, [A, B] ] + [B, [C,A]] = 0, 



(180) 
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= q p must be canceled in the expression qft" qj?" (ffl q£\ and since q^q^ ~ m\ extra 
three ideal meson operators are needed to form an effective meson-meson interaction. 

The equation of motion for the quark operator to fifth order, retaining only the relevant 
terms for the orthogonality corrections, is given by 



dt 



relev 



= -v4M 0, (t)^ (o) wASw^ , (t) 

+ ^v, P 'a')K pa H a K'€ ) \m { a ) \t)Mf ) mf{t) 



'181) 



In the same way, a similar equation is obtained for q^(t), which is necessary for the trans- 
formation of the kinetic energy operator. Integrating the equations and taking t = — vr/2, 
results in 

T(riql®$> + + [V qq (»v; pa)qf*$*$) q f + h.c/ 

= +1 { [$r % pv AO; Ar)if(Ar; //V)<&£ V <^ + (a <-> ft 7 <-> 5) 



+ 



Q^&fHitiv; Xt)A(Xt; fi'i/)^'^ + (a <-> /3; 7 <-> 5)] } m^m^ 



182) 



Clearly, when the $'s are the eigenstates of if, this will lead to an expression that is equal 
to and the opposite sign of V^L m Eq. d69|). 

For the baryons, the exact same procedure is taken. The fourth order O operator is given 

by 

= j| A^Ap^ - i SJ[A a7 , A^H^ + 1 SJ{S a , [A^, B\]}B^B S . (183) 
The use of the Jacobi identity for fermionic operators A, B, and C, 



[A, {B, C} } + [C, {A, B} } + [B, {C, A} } = 0, 



;i84) 



is useful for demonstrating the anticommutation relation of Eq. ( |125| ). As in the case of 
mesons, the cancelation of the intra-exchange part of the effective baryon-baryon interaction 
is attained. 

Next, the RGM is used with an exactly soluble model to demonstrate that the main effect 
of the orthogonality correction for the meson-meson effective interaction is the cancelation 
of the intra-exchange term. We consider the scattering of two mesons, where the quark and 
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the antiquark have masses m q , and use an harmonic potential for the microscopic interaction 
in Eq. Q9"3]), namely, 

U(p) = ~J J^e-^ (c+\kr*) = (\kV p 2 - 6) 5®(p), (185) 
where C is a constant which fixes the oscillator's ground state. For this interaction, the 



Fock-space amplitude $ is given by Eq. Q9~7|), with b 2 = ^3/2m q k, and the total energy of 
a single meson is 

E(P) = — + 2m q + ^- + ^. (186) 
Am q m q b 2 3 

The evaluation of normalization kernel and its square root can be done analytically. The 
results are, 

N{af3- jS) = 6®(P a - P 7 )6®(Pf, - P s ) - l -M E {P a P p ; P,P S ) , (187) 
N-?(a(3; 7 <T) = 5 ai 5^\P a - P 7 )5^(Pp - P s ) + C N Af E (P a Pp; P 7 P 5 ), (188) 

where 

M E (P a Pp;P,P s ) = S®{P a + Pp - P 7 - P S ) P^y e M P * + ^ + ^- p "<^ +P 4. (189) 
with 

m=l \n=l / 

where to — 1/6. In obtaining the closed form for the square root iV~^(a/3; 7$), we used the 
remarkable property of the function A/e, that (A/^) fc = A/g. 
The partial sums C(k), 

are plotted in Figure 2 below. The important fact to notice in this figure is that the series 
is rapidly convergent, and that for k > 2, the values of the C(k) , s have almost reached their 
asymptotic value, C(oo) ~ 1.145. This means that the bulk of the effect of the orthogonality 
corrections can be accounted for by retaining only the first term in Eq. ( |1 77| ) . 
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Figure 2. The partial sums C(k) of Eq. 



The full RGM equation can be separated into two equations, one describing the free 
motion of the cm. of the mesons, and the other describing their relative motion. Writing 
^(P^p) = xjj(Pj^)(p(p), where Pa and p are respectively the total cm. and relative 
momenta of the two mesons, the equation for <p(p) can be written as 

,2 



dp' 



P_ 

M 



5®(p-p')+\V(p,p') 



ip{p') = E rel (p(p) 



(192) 



where E re i = E\ — E cm , and the "potential" V(p,p'), which is the result from the renormal- 
ization of the kinetic and potential (y mt and V exc ) energies, is given by 



3 

'-,2 \ 2 



v(p,pO= s 



4m„ 



24m, 



(P 2 +P' 2 ) 



e -i(p 2 + P ' 2 ) 



and A = Ck + Cy, with 



(193) 



C 



2(1 -cu) 5 +LU-2 



K 



(1 -00) 



(194) 
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Since u = 1/6, Cy + Ck = 1.046 is obtained. Had we used only the first two terms in the 
expansion of iV _1//2 in Eq. ( |177[ ), we would have obtained A = 1, instead of A = 1.046. The 
effect of the higher order terms is, therefore, less than 5%. 

This result stands for the case of an harmonic oscillator potential and gaussian Fock-space 
amplitudes $, but it seems reasonable to expect that for other potentials and amplitudes 
the situation will not be extremely different from the present one. Of course, a check of 
the rate of convergence of the expansion in Eq. ( |177| ) is advisable when other than gaussian 
functions are used for the $'s. 

For the case of baryons, when using a gaussian form for the Fock-space amplitudes the 
result is not different from the one for the mesons as described above. The net result of the 
higher order terms in the expansion in Eq. ( |177| ) is very small on the effective baryon-baryon 



potential. However, contrary to the case of the mesons, the exchange kernel for baryons does 
not have the property {MeY = Me- Nevertheless, there is an interesting approximation 
scheme that might be useful for future calculations, as we shall shortly describe. 
The normalization kernel for baryons is given by, 

N(a/3; 7 5) = 5 ai 5 ps - N E (a[3; <yS) = 5 ai 6 p5 - ww^vp™*™^^ 

= 5 ai dps - toM E (p a pp; PjPs)- (195) 



In the nucleon-nucleon case, uj is given by 



3 

uj = - 
4 



1 + -rl • ri + - 1 + — rl • 



2 \ 1 _2 



(196) 



9 JV JV 9 V 9 

The approximation consists in factorizing the spatial part and summing the resulting series 



as 



AH = [1 - N E )-$ = 1 + \uMe + \^Nl + ^a;W| + . . . 



1+A^ 



1 3 2 15 o 

2 8 48 



1 + wNe, (197) 



where w = — 1 + I/a/1 — uj. When using a gaussian form for the amplitudes two interest- 
ing facts were observed: first, there is a fast convergence of the exact and approximate series, 
and second, after the second term in the expansions, the approximate and exact results are 
practically indistinguishable from each other. Of course, as mentioned above, when other 
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forms than a gaussian are used for the \l/'s, the rate of convergence of the expansion of the 
square root has to be checked. 



V. EXTENSION TO GENERAL FOCK-SPACE STATES 

In this section an extension of the Fock-Tani transformation to more general Fock-space 
states will be discussed. When dealing with quantum field theoretic quark models, the 
description of mesons and baryons might require the consideration of more general Fock 
states as those of a quark- ant iquark pair and triplets of quarks. A meson state, for example, 
would be more likely to be of the form <fii\qq > +4>2 \qq(qQ<1q) > + - • ■ and certainly mixing 
with states containing gluons, such as \qqg >, can be expected. Of course, methods can 
always be devised to take into account as much of such a mixing as possible into an effective 
Hamiltonian, and to avoid complicated Fock amplitudes. Nevertheless, one must be prepared 
to deal with more complicated Fock-space states as well. 

The unitary transformation for such states is constructed with the same iterative pro- 
cedure described in the previous sections, but the construction of the generator F requires 
modifications. In the present section, the necessary modifications will be discussed through 
an example, and these will be expanded upon in a future publication |37]] dedicated to the 
details of these derivations. 

Consider a meson state of the form 

Ml = ^iql + ^rqUlgl (198) 

where g^ (g a ) is a gluon creation (annihilation) operator. The quark and antiquark operators 
satisfy the usual canonical anticommutation relations of Eq. (|j). For the sake of simplicity, 
we assume the following canonical commutation relations 

[g*, gU = <W, [g„ gA = [gl gU = o. (199) 

Using these and Eq. (f|), the following expression is obtained for the commutator of 
composite-meson operators 

[M a ,Ml} = 6 aa , + C aa ,, (200) 
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where C aa i contains, in addition to the A a/ g of Eq. (H), terms proportional to the amplitude 
defined in Eq. ( |198| ). It is useful to decompose C aa ' as 



C aa / — C aa i + C^ a , + C nn , . 



(201) 



C° Q / contains the usual A Q/ g and operators with at least one annihilation operator on the 
right, 

-9*r<r qi, q » - 9r a K' a ' i>g\>gA» - ^T a K' a iUv (202) 

C^ a , and C~, a contain only terms that involve at least one , 

cL> = [<% a ] ] = *r A - *r gUW ~ *T*i gUUu , (203) 

It is not difficult to prove that the operator O a that satisfies the commutation relations 
of Eq. (|4~0D up to third order in the Fock amplitudes is given by 



o a =M a -Y: (c+, + \cij\ M a , + y: mi \M a , (c- w , + ±C° ala „) 

fx 1 * ' rx'rx 11 * 



(204) 



The modification referred to above is that the components C® a ,, C^ a , and C~ a , of C aa > enter 
in a particular way into this expression. This is because the commutator of O a with Ml must 
result in a Kronecker 5 a p, and the remaining operators of this commutator must annihilate 
the vacuum state, since F M^\0 >= m^JO > is needed. Since C^ a , does not annihilate the 
vacuum, the components of C aa > must be combined such that they cancel out any operators 
which contain a creation operator on the right. 

To conclude, we mention that the same iterative procedure outlined for the above example 
can be followed |37| for creation operators A^ a involving any number of quark, antiquark and 
gluon (or other bosonic) creation operators in the form 



00 00 00 



4 = E E E (V^r 172 ^ 1 '---'^ 1 ''--'" 



x <?iui ■ ■ ■ il,„ q <?i>i ■ ■ ■ Qu n9 g<x\ ' ■ ■ gt ng 1 



g ,a-L,...,a n „ 



(205) 



where n q , rig and n g respectively represent the number of quarks, antiquarks and gluons. 
^ 1 ,...,^„ q ,u 1 ,...,u 7lq ,cn,...,a„ g ^ e p oc k_ S p ace amplitude, the index a represents the quantum 
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numbers of the hadron and //, v e a those of the constituents, as usual. Such an extension is 
particularly useful for treating meson-baryon couplings, and the derivation of an one-boson- 
exchange picture of the nucleon-nucleon force. Work is in progress in this direction. 

VI. CONCLUSIONS 

In this paper, we have extended the Fock-Tani representation to hadronic physics. The 
formalism was used for a general class of constituent quark models, independently of a 
specific form of the microscopic interaction. We derived the unitary transformation iter- 
atively as a power series in the Fock-space hadron amplitude, obtained the transformed 
quark and antiquark operators, and derived effective Hamiltonians. The effective Hamil- 
tonians are hermitian and describe all possible interactions among the composite hadrons, 
and the interactions of the composite hadrons with their elementary constituents (quarks 
and antiquarks), consistent with the microscopic Hamiltonian. The transformed quark and 
antiquark operators are completely general, they depend only on the quark structure of the 
hadron states. Given a microscopic quark Hamiltonian, the effective Hamiltonians can be 
immediately derived. There is no restriction to relativistic or nonrelativistic kinematics. 
The method can be used with models where explicit gluon degrees of freedom (or other de- 
grees of freedom such as Goldstone bosons) are present in the states and in the microscopic 
Hamiltonian, as well as with models of multicomponent Fock-space amplitudes. 

The fact that in the Fock-Tani representation all field operators satisfy canonical com- 
mutation relations allows the direct use of the traditional field theoretic methods. For the 
baryon case, in particular, great opportunities for applications in many-baryon systems are 
envisioned. Different methods have been employed in the literature to study various aspects 
of quark degrees of freedom in nuclei. Since the traditional picture of the nucleus is that of 
a system of hadrons, the explicit dynamics of the color degree of freedom must be limited to 
very short distances. This means that an approach using quark degrees of freedom should 
minimally deviate from, as well as contain in some limit, the traditional one. In this sense, 
the effective Hamiltonian of the Fock-Tani representation has a well-defined limit, since it 
explicitly describes the interactions among hadrons; quark-quark and quark-hadron interac- 
tions are treated separately as "residual" interactions, since the effects of the bound states 
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are explicitly subtracted from the microscopic interaction. Herewith the properties of the 
hadron-hadron interactions and nuclei at high densities and/or temperatures using quark 
degrees of freedom can be carried out in a systematic and controllable fashion. 
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